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Abstract
The distribution functions for the total linear and angular momentum of N particles
selected from an equilibrium gas are derived. The most probable momentum increases
with N . If the particles of an astronomical system are assumed to come from an original
‘cosmic gas’, universal mass-versus-momentum relations can be derived. The derived
mass-versus-angular momentum relation is similar but not identical to that which has been
reported. The derived relationship applies to the initial conditions and evolutionary effects
may account for the difference between this prediction and the observed relationship.
1 Introduction
In the first 700 000 years of the life of the expanding universe radiation and matter were
in local thermal equilibrium; that is the mean free time between collisions for all the
particles and photons was small with respect to the characteristic time of expansion of
the universe (Weinberg 1977). When the universe expanded and cooled to below 3000 K,
radiation was no longer scattered efficiently by matter, the thermal equilibrium between
matter and radiation was broken, and the universe became transparent to radiation. One
consequence of this past thermal equilibrium between radiation and matter is that the
universe is now filled with the ‘cosmic microwave background radiation’ which still has the
characteristic equilibrium distribution of energy but has cooled independently of matter
to a temperature of roughly 3 K. I will explore here the implications of this breaking of
equilibrium on the matter of the universe.
I suggest that because of this separation of the universe into two virtually independent
‘gases’ – one of radiation and one of matter – that the linear and angular velocity of any
astronomically large system will be related to its mass. The linear and angular velocities
in question are those relative to the original rest frame of the matter and radiation, which
I assume to be the co-moving reference frame which partakes of the overall expansion
of the universe. It follows from this that there should be a universal relation between
momentum and mass for astronomical objects. Just such a relation does exist for angular
momentum (Carrasco et al. 1983, Sistero´ 1983, Trimble 1984) but there is no agreement
about its significance. A similar relation should exist for linear momentum with respect
to the co-moving reference frame.
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2 Simplifying assumptions
I make the following simplifying assumptions in my analysis:
• Since the breaking of thermal equilibrium, matter and radiation have exchanged
amounts of momentum negligible in comparison with the momentum of astronomical
systems.
• Negligible amounts of momentum have been exchanged between matter at long
range. Momentum is exchanged between masses primarily at short range or by
collisions.
• The expansion of the universe divided matter into ‘isolated’ portions which later
formed astronomical systems. By the previous assumption these isolated portions
exchanged little momentum with each other.
The last assumption defines what qualifies as an astronomically large system for my
purposes. For example, I assume that all the matter which now makes up a galaxy came
from a small portion of the original cosmic gas. I assume that this portion has exchanged
negligible momentum with matter from other portions. A similar assumption might be
valid for a sufficiently large sub-sample of this portion.
It follows from the assumptions and the principle of conservation of momentum, that
the momentum of an astronomical system is essentially the same as the sum of the mo-
menta of all its particles at the moment when the equilibrium between matter and ra-
diation was broken. The problem of finding the expected value of momentum for an
astronomical system of mass M is therefore reduced to finding the expected value of mo-
mentum for a sample of mass M selected from the cosmic gas. To simplify even further I
assume that
• Before the breaking of thermal equilibrium with radiation all the matter of the
universe consisted of identical ‘particles’, each of mass m. It can be shown that the
final results also apply for mixtures of particles of different masses selected from the
cosmic gas.
The problem is therefore to find the expected value of the total momentum of N
(= M/m) particles, if the particles’ velocities are selected from the Maxwell equilibrium
velocity distribution. This ‘parent’ distribution is
f (v) = φ (v, σ) (1)
where
φ (v, σ) =
(
1
2piσ2
)3/2
exp
[−v2
2σ2
]
and σ = (kTo/m)1/2 , k is Boltzmann’s constant and To is the temperature at which
thermal equilibrium between matter and radiation was broken. Note that each of the
three components of molecular velocity is normally distributed about a mean of zero with
a standard deviation of σ.
3 Linear momentum
IfN velocities are selected from the distribution (1) the mean velocity of theseN velocities,
〈v〉, will not in general be zero. The central limit theorem (Kendall and Stuart, 1963)
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says that the distribution, of the mean is given by
g (〈v〉) = φ (〈v〉 , σ1) (2)
where σ1 = σ/N1/2. In other words each Cartesian component of 〈v〉 is also normally
distributed.
The total momentum of the N particles is pN = mN 〈v〉 and its distribution h (pN),
is easily derived from (2). It is
h (pN) = φ (pN, σ2) (3)
where σ2 = mNσ1 = (mNkTo)
1
2 . This is analogous to the velocity distribution function
(Eq. 1) for an equilibrium gas, with N playing the part of temperature. The distribution
of the magnitude of the total momentum of N particles is
q (pN ) =
(
2
pi
) 1
2 p2N
σ32
exp
[
− p
2
N
2σ22
]
(4)
This distribution is analogous to the molecular speed distribution for an equilibrium gas.
It has a mean of (8/pi)
1
2 σ2 and a standard deviation of 0.67σ2. The most probable value
of pN is that which makes q(pN ) a maximum and is
pmp = 2
1
2σ2 = (2mNkTo)
1
2
We are given only one universe so the N particles of any astronomical object were selected
only once. The last relation, rewritten as
pmp = (2MkTo)
1
2 (5)
where we have put M = mN , is thus the most probable relationship between linear
momentum and mass of astronomical objects. The standard deviation of the distribution
(4) is about 47% of the most probable value and there is slightly less than a 53% chance
that linear momentum will lie within one standard deviation of the most probable value.
4 Angular momentum
Consider now the angular momentum of the N particles. The form of the distribution for
the three components of angular velocity of each particle (about axes through the centre
of mass of the N particles) depends on the original distribution of the N particles in space.
For a space distribution symmetric about three axes, it is clear that the distribution of
each component of angular momentum is symmetric about a mean of zero with a standard
deviation which depends on the space distribution. We have determined by computer
simulation this distribution when the N particles are uniformly distributed over a sphere
of radius R centered on the origin and each particle’s velocity is selected from the Maxwell
distribution.
Fig. (1) shows the distribution of one component of angular momentum determined for
a sample of 30 000. Angular momentum in these simulations is normalized with respect
to a unit angular momentum
Ju = mR (2kT/m)
1
2 = R (2mkT )
1
2 (6)
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Figure 1: Distribution of molecular angular momentum of particles of mass m from an equi-
librium gas at temperature To, determined by computer simulation. The molecular positions
were uniformly distributed within a sphere of radius R. The molecular velocities were selected
from the Maxwell velocity distribution. Angular momentum is normalized with respect to the
unit angular momentum Ju = mR(2kTo)
1
2 . The sample size in the simulation was 30 000.
It is found from the simulation that the standard deviation of the distribution in Fig. l
is σ3 = ²Ju, where ² = 0.45.
Let 〈J〉 be the mean angular momentum of N particles, each of which has components
of angular momentum selected from the distribution in Fig. 1. The central limit theorem
will apply so that, for largeN , the distribution of 〈J〉 will approach the normal distribution
with a mean of zero and a standard deviation inversely proportional to N
1
2 . Therefore,
we may write for this distribution ,
r (〈J〉) = φ (〈J〉 , σ4) (7)
where
σ4 = σ3/N
1
2 = ²Ju/N
1
2 .
The distribution (7) has also been determined by computer simulation. In this simulation
the position vectors and velocity vectors ofN particles were selected and the mean angular
momentum determined. This was repeated a total of j times to construct the distribution
function for the mean angular momentum of N particles. Fig. 2 shows the distribution of
one component of mean angular momentum of N = 300 particles, determined j = 30 000
times, compared with the normal distribution which has zero mean and the same standard
deviation (0.026Ju) as that found in the simulation. The simulation was repeated with
different values of N and it was verified that the standard deviation is given accurately
by Eq. (7).
4
Figure 2: The distribution of the mean x-component of angular momentum of 300 particles
selected from an equilibrium gas, determined by computer simulation for a sample size of j =
30 000. The normal distribution with the same standard deviation is also shown.
The total angular momentum of the N particles is JN = N < J > and its distribution
is given by
s (JN) = φ (JN, σ5) (8)
where
σ5 = Nσ4 = N
1
2 ²Ju.
The distribution of the magnitude of the total angular momentum of N particles is of the
form
t (JN ) =
(
2
pi
) 1
2 J2N
σ35
exp
[
− J
2
N
2σ25
]
. (9)
This is similar to the distribution of linear momentum and again there is a 53% chance
that JN will lie within one standard deviation of the most probable value. Fig. 3 shows
this distribution of the magnitude of total angular momentum determined by computer
simulation for N = 300 and j = 30 000, compared with the theoretical distribution, Eq.
(9), which has the same mean. The simulation was repeated for different N and the mean
angular momentum of the j samples of N particles is shown as a function of N in Fig. 4,
compared with the expected relation between this mean and N which is
〈JN 〉 =
(
8
pi
) 1
2
σ5 = ²
(
8N
pi
) 1
2
Ju. (10)
Also shown, each side of the mean, is the standard deviation of the samples as found
in the simulation. This figure indicates that the dimensionless angular momentum is
proportional to N
1
2 as expected.
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Figure 3: The distribution of total angular momentum of 300 particles selected from an equilib-
rium gas, determined by computer simulation for a sample size of j = 30 000. The distribution
given by Eq. 9, is also shown.
Figure 4: The variation, as N varies, of total angular momentum of N particles selected from
an equilibrium gas, determined by computer simulation. For each N the mean magnitude of
angular momentum for a sample size of j is shown, as well as the standard deviation of the
sample. The limiting values of the mean and the standard deviations from the mean as j tends
to infinity are shown as solid and dashed lines.
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To derive a law for the variation of angular momentum with mass we use the relation
between the most probable value of angular momentum and N, that is Jmp = 2
1
2σ5 .
Using Eqs. (8) and (6), this becomes
Jmp = ²R (4mNkTo)
1
2 .
If we assume a uniform density, ρo, of the universe at the moment when the thermal
equilibrium was broken, the length R may be eliminated. Since M = 43piR
3ρo and N =
M/m we get
Jmp = ²
(
6
piρo
) 1
3
(kTo)
1
2 M
5
6 (11)
as a universal relation between the most probable angular momentum of an astronomical
system and its mass.
5 Discussion
The observed relation between angular momentum and mass of astronomical systems is
J ∼M b,
where b ranges from 1.62 to 2.0 (Trimble 1984) which is different from the law derived
here. In the above derivation, the shape of the portion of cosmic gas that contained the
mass which goes to make up an astronomical system was assumed to be a sphere. If a
flat disk shape is assumed then the expected law is
J ∼M
.
If the mass came from an initially annulus shaped portion of the cosmic gas, which it
must be admitted seems unlikely, then
J ∼M 32 .
Thus the shape of the mass has some effect on the expected mass-angular momentum
relationship. In some cosmological models the geometry of the universe is highly non-
Euclidean in its early history. No account has been taken of this in the above analysis.
Another complication is that usually only the orbital angular momentum of astronom-
ical systems is known. The rotation of the bodies themselves is ignored when calculating
the angular momentum of the system (Trimble 1984). Orbital momentum as a fraction
of total momentum may well vary with mass so that a different law would be observed.
Probably the most serious deficiency of the above analysis is that it ignores the evolu-
tionary process by which the cosmic gas condenses into astronomical systems. The derived
law is only strictly true for the initial conditions. When the gas condenses, momentum
may be lost to the interstellar gas as fast-moving particles escape the gravitational at-
traction of the mass. What remains is no longer a random sample from an equilibrium
gas, but one weighted towards small velocities. Since the escape velocity depends on the
mass the expected mass-angular momentum relation for astronomical systems may well
be altered.
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Birch (1982) has suggested that an observed anisotropy in the radiation received from
distant radio sources may be the result of a general rotation of the universe. Sistero´
(1983) has suggested that the angular momentum for the entire Universe, derived from
Birch’s value of the rotation, may be fitted into the observed mass-angular momentum
relation. These suggestions fit well with the analysis developed here. The separate gases
of radiation and matter, into which the Universe was divided would be expected to have
oppositely directed but minutely small mean linear and angular velocities.
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